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Abstract

This paper analyzes the delay-independent stability of a predator—prey model, with the assistance of the
delay-independent stability criteria for a class of retarded dynamical systems. An interesting result is
obtained that, the delay-independent stability condition is equivalent to the zero-delay stability condition in
this model. The physical meaning of this result is also given.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Stability of retarded dynamical systems, a challenging problem, has caught the researchers’
attention since several decades ago [1,2]. This problem widely appears in bioecology,
biomechanics, robotics and machine tool vibrations [3]. Although the stability analysis of
systems with three or more delays remains hard, things become better for that of systems with two
delays, especially for the delay-independent stability (i.e., the asymptotical stability for all delays)
analysis. For example, literature [4] presents a systematic approach to the delay-independent
stability analysis of a class of dynamical systems with two delays. And research [5] has developed
delay-independent stability criteria for a class of retarded dynamical systems, which extends the
criteria and applications in Ref. [4].

As shown in Refs. [4,5], the delay-independent stability region of a delayed system is generally
smaller than the zero-delay stability (i.e., stability when the delays are zeros) region, which is also
seen from the stability charts of a predator—prey model (refer to Fig. 4.1 for system (4.16) in
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Ref. [3]) and a machine tool vibration system (refer Fig. 3 for system (2.8) in Ref. [6]).> So an
interesting problem is: is there a system whose delay-independent stability region is equal to the
zero-delay stability one? One possible system with this quality, to be checked in this paper, is the
two-delay linearized predator—prey model [3,7]

X1(t) = —anxi(t) — appxa(t) + byyxi(t — 11),
Xo(1) = —anx1(t) — anxs(t) + bnxs(t — 12), (1)

where x(7) and X,(¢) stand for dx;/d¢ and dx,/dz, respectively; x;(¢) and x,(¢) are the population
(relative to the equilibrium of the corresponding non-linear model of Eq. (1) [3,7]) of the predator
and prey, respectively. All the constant parameters are positive except the time delays 7; and 1, are
non-negative. The parameters a;; and a,; can be assumed to be the competition strengths; a;; and
ay the intrinsic death rates; b1, and by, the intrinsic birth rates.

This paper is arranged as follows. Section 2 develops the theoretical background for the
stability, and the stability of system (1) is analyzed in Section 3, which is followed by Section 4
giving conclusive remarks.

2. Theoretical background for the stability

In this and next section, the time delays 7; and 7, may be independent (they are two
independent variables; the cases 11 = 1>0, 7, = 0 and 7y = 0, 7 = 70 may also be included in
this case [5, Section 3]) or dependent (t; = hit, 12 = hyt, where Ay, hy are two given positive
integers and 7>0 is the time delay), unless specified. The main result is Theorem 2.1, which is a
sufficient stability criterion.

Lemma 2.1 (Wu and Ren [5, Section 2]). Consider the linear retarded system
X(1) = Aox(1) + A1x(t — 1) + A2x(1 — 12), (2)
where te[0,4+00)2RT; Ay, A1, A, eR™, R= (-0, +m0), n=1; 11,12€R* are two times delays;
x(£), x(t — 1), x(t — 12) e R™Y; rank(A) = rank(4,) = 1. The characteristic equation of system (2)
is
D(J,71,12) = Pia(A)e ") 4 Pi(Z)e "™ + Py(A)e ™ + Po(4) = 0, (3)

where Py(2), P1(1), Po(X) and P13(A) are real coefficient polynomials of the complex number 1; the
leading coefficient of Py(1) is assumed to be 1; deg[Py(1)] > deg[P1(1)] > deg[P12(1)], deg[P12(A)] <
deg[ P>(2)] <deg[Po(4)].

Lemma 2.2 (Wu and Ren [5, Lemmas 3.1 and 3.2]). Linear retarded dynamical system (2) with
characteristic function (3) is asymptotically stable if and only if: (i) the function D(1,0,0) =
P13(2) + P1(A) + P2(A) + Po(A) is Hurwitz stable, and (i) the equation D(1,7t1,712) = 0 has no non-
zero root A on the imaginary axis for any given delays t| and t,.

2Note the delay-independent region for each of the two systems can be obtained by applying Theorem 2.1 in this
paper or Corollary 3.2 in Ref. [5].
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Denote
Piy(iw) = Piar(w) +1Ppp(w),  Pi(iw) = Pir(w) +1Pi1(w), welR,

Pa(i) = Par(@) +iPar(@),  Poli) = Por(®) +iPor(w),  i=+/~1,
a(w) = Piar(w) + Por(w),  blw) = Ppr(w) — Por(w),

c(w) = Ppi(®) + Por(w), d(w) = Por(w) — Piar(w),

e(w) = Pir(w) + Par(®), f(®) = Pi(®) — Py(w),

g(w) = Pij(w) + Py(w), h(w) = —Pir(w) + Pr(w).

Lemma 2.3. Characteristic equation (3) has no non-zero root A on the imaginary axis for any given
delays t| and 1, if the equation A;(w) = 0 has no non-zero real root w, where

Ar(w) = — [hw)a() - fo)d@)] — [do)d(o) - goa@)?
— [w)b(@) — f(@)d(@)} — [e(w)d(@) = g(@)b(@)]
+ [b)e(®) — a(@)d(@)F + [e(@)h() — f(@)g(@)]. 4)

Proof. Characteristic equation (3) has no non-zero root A on the imaginary axis for any given
delays 7, and 7, if and only if the equation

Plw,12) q(w,13) ] [cos %]

rw,12)  s(w,12) || sin*5t

~0 (5)

has no non-zero real root @ for any given delays t; and 1,, where

Pe.72) = [a(©) + e()] cos 2 + [b(®) — f(@)]sin 2,

(@, 72) = [B(w) + [ ()] cos =2 + [e(w) — a(w)] sin =2,

2 2
(w, 12) = [c(w) + g(w)] cos % + [d(w) — h(w)] sin %,

s(@,%2) = [d(@) + h(©)] cos = + [g(0) — (@) sin 2.

The determinant of the left part of Eq. (5) is
my(w) + mo(®) | —may(w) + m(w) mi(w)

det(w, 17) = > + > cos wty + — sin w1y,

where
my(w) = [b(w) — f(w)][g(®) — c(w)] — [d(w) — Kw)]le(w) — a(w)],
myi(w) = 2[—f(w)d(®) + b(w)h(w) — e(w)c(w) + a(w)g(w)],
mo(w) = [a(w) + e()][d(w) + h(w)] — [b(w) + f(@)][c(w) + g(®)]-
If YVoeR\{0}2R*, A (w)#0, or equivalently mi(w)— dmy(w)mo(w)<0, then VoeR¥,

det(w,t7)#0. This means Eq. (5) has no non-zero root w for any given delays t; and 75; thus,
this lemma is proved. [
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Theorem 2.1. Linear retarded dynamical system (2) with characteristic equation (3) is delay-
independently stable if: (i) the function D(4,0,0) = P13(A) + P1(1) + P2(A) + Po(A) is Hurwitz stable,
and (ii) the equation Ar(w) = 0 has no non-zero real root w.

Proof. This theorem, can be proved by applying Lemmas 2.2 and 2.3. [

3. Delay-independent stability analysis
Denote by; = u, by =v, a1 =u+Xx, ap =v+ Yy, apay = t, then the characteristic equation
of system (1) is
D, 11, 1) = uve ) () + v+ p)e ™ — v(d + u + x)e 4
+ 2 WA o+x+ A+t x)0+y) -t

According to Theorem 2.1, system (1) is delay-independently stable if: (i) The function D(4,0,0) =
22 + (x + )4 + xy — tis Hurwitz stable, i.e., x > 0, y > 0, xy — ¢ > 0, and (ii) the equation A, (w) =
0 has no non-zero real root w, where

Ar(0) = 0® 4 c60° + c40* + 0% + ¢o,

in which
e = 2p% + dux + 4oy + 4t + 2x°%,
cs =4x°)° + (4?)? — dtxv + xb) + (@’ xP — dtyu + y*) + 662 + dux®
+ 4uv(4xy — 1) + 8xp(uy + vx) + 81(ux + vy) + 4(x* + y* — xp)t + 4v)°,
c) = 6‘2313 + 6‘2212 + ¢1t + ¢,
co = (xy — O[x(y + 2v) — fy(x + 2u) — [(x + 2u)(y + 2v) — 1],
with

3 =4,
e = 2x% + 2p% + dux + 4oy — 8(u + x)(v + ),
a1 = —4(x + )y + v)(x* + 2ux + y* + 20p) + 4xy(x + 2u)(y + 2v),

20 = 2x9(x + 2u)(y + 20)(x* + 2ux + y* + 2vy).

Now it is to be proved that condition (i) contains (ii). Suppose condition (i) is true. It is easy to
see ¢ >0, ¢4 >0 and ¢y > 0. And there exists ¢, > 0 because (let t = kxy, 0<k<1)

C2)y—g = €20 > 0,

ey = (X +y)? + 2ux 4 2vy > 0,
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d(c2)

5 <20 - k)xy[x® — 2(1 = 3k)xy + ¥°] — (12 — 8k)xy(ux + vy)

— 2xy[4u* — 41 = 2k)uy + (1 — k)y*] — 8xy[u® + (k — Duv + v°]
— 2xy[4v* — 4(1 = 2k)ox + (1 — k)x7]
< 0.
So YweR*, A;(w) > 0. This means that condition (i) contains (ii).

To summarize, system (1) is delay-independently stable if the zero-delay stability condition is
held true.

4. Conclusive remarks

In Ref. [7], Freedman and Rao proved that system (1) is asymptotically stable if

(a11 — bii)(axn — by) > apnas,

ap — by + axn — by > (11 + 12)(biax + aibn + bi1bxn). (6)

In Ref. [3, pp. 95-98], Stépan obtained a less restrictive result that system (1) is asymptotically
stable if

(a11 — bii)(axn — by) > anay,

ar + axn — biy — by > byi(ban + 0.22axn)t) + bxn(biy + 0.22a1))1s. (7)
In Section 3, this paper has shown that system (1) is asymptotically stable if

(a11 — bi1)(axn — by) > anas,

ayy — by +axn — by >0. (3)

Condition (8) has largely improved on Egs. (6) and (7), and it is the best sufficient condition for
the delay stability of system (1) because it coincides with the zero-delay stability of this system. A
more delicate analysis based on the theory in Ref. [5] has shown that system (1) is delay-
independently stable if and only if condition (8) is held true when any one of the three conditions
is satisfied: (1) 7; and 7, are independent, (2) 1y = 7,7, =0,0r71 =0,73 =1, (3) 11 = 12 = 7. The
elaboration of this analysis is so long that it is deferred to be shown in Appendix A.

It should be mentioned that the above discussion remains right for the extreme cases ajyaz; = 0
or bllbzz =0.

To understand the above discussion, consider cats and mice in one area as the predator and
prey, respectively. Take the two reasonable assumptions: (1) the death rate of cats and mice are,
respectively, greater than their birth rate; (2) the competitive strengths of mice to cats is zero while
that of cats to mice is positive. For example, let

an = 0.05, app = O, b]] = 0.01, ary = 1, ary) = 0.3, b22 =0.2.
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Fig. 1. Contrast condition (11) with Egs. (9) and (10).

Conditions (6), (7) and (8) are reduced to Egs. (9), (10) and (11), respectively:

T +1,<28/3, 1,=0, 1,=0. )
13371 4+ 2107, <7000, 7;=0, 7,=0. (10)
7120, 1,=0. (11)

These three conditions are plotted in Fig. 1.

In Fig. 1, the inner of triangle AOB together with lines OA and OB except points 4 and B is
corresponding to Eq. (9); the inner of triangle COD together with lines OC and OD except points
C and D is corresponding to Eq. (10); the first quadrant of the 77, plane together with axes 7; and
77 1s corresponding to Eq. (11). It is observed from Fig. 1 that, condition (11) is best of all, and
then conditions (10) and (9).

Now we want to give the physical meaning of what we get in Section 3. Define (a;; — by1) and
(axy — byy) as the net death rates of the predators and the preys, respectively; then the number of
each of the two creatures tends to be stable in spite of the delays in the births, if their net death
rates are positive, and if the product of these two net death rates are bigger than that of their
competitive strengths.

Appendix A. A more delicate stability analysis
Denote bjy =u>0, by =v>0, a;jy=u+x>0, axy =v+y>0, apay =t>0.

A.1. The case for 1| and 1, independent

By Theorem 3.1 in Ref. [5], the sufficient condition for model (1) to be delay-independently
stable in Section 3 is also the necessary condition.

A.2. The case for 1y =1,10=00r11=0,10 =71

Only consider the sub-case 7y =1, 70 =0 (the sub-case 7 =0, 7o =0 is similar). The
characteristic equation is

D7) = —u(h+ p)e "+ 22+ W+ x+ )i+ U+ x)y—t.
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By Corollary 3.2 in Ref. [5], system (1) is delay-independently stable if and only if: (i) D(4,0) =
22 + (x + )4 + xy — t = 0 is Hurwitz stable, and (ii) the equation S;(w) = —S.(®) = 0* + (x* +
¥ 4 2ux + 20)w* + (2uy + xy — t)(xy — t) has no non-zero real root @. Conditions (i) and (ii) are
simplified as x>0, y >0, xy — ¢t > 0, i.e., the zero-delay stability condition.

A.3. The case for 1y =1, =1

The characteristic equation is
D2, 1) = uve " — [(u+ v)A + 2uv+uy + oxle ™ + 22+ (w+v+x+ )i+ W+ x)0+y) — .

By Corollary 3.3 in Ref. [5], system (1) is delay-independently stable if and only if: (i) the function
D(2,0) = /> + (x 4+ y)A + xy — ¢ is Hurwitz stable, i.e., x>0, y>0, xy — >0, and (i) Yo e R*,
(NE[(w) = —Er(w)#0, (2) E;(w) = 0 but either F;(w)<0 or G7(w)<0, where

Fr(ow) = o* + [(u — 0)* + X% + 2ux + y* + 2vy + 20w” + [(x + 2u)(y + 20) — f](xy — 1),
Gr(w) = (uy + vx + xy — t — ) + 0*Qu ~+ 20+ x + p)(x + ),

Er(0) = 0® + ¢50° + c40* + 20 + co(xy — 1),
in which

ce = (u— 0)2 + 4(t + ux + vy) + 2(x2 + yz),

¢4 = (677 — dtxy + 3x%2)%) + (12xy — 4f)uv + 2(u — v)*t
+ [¥%9? = 26(vx + uy) + (vx 4+ up)’] + 40> — xy + ¥t
+ [(x* = 200Xy + 02 + (0F = 2tuxy? + 1P x?))
+ 20y + ux)(u — v)* + 8(ux + vy)t + 2Px* + 20°y?
+ ut 0t + iy + 0y + 8wy + oxPy) + 4 u + ),

) = 02313 + 022f2 + 21t + ¢20,

co = — £+ (4uv + 4ox + 3xy + 4uy)*
+ (—8uv*x — 8vx’y — 8utvy — 8uy’x — 18uvxy)t
+ (=5uy* — 50°x% = 3x2A) + 2y + 23300 + X3S
+ 4x%uy® + 5530%y + 4% 0y? 4+ 470 4 Sxi’y? + 4xPu’
+ 1duv’yx? + 8uPv’xy + 14Pvxy* + 14uy*vx?,
with

3 =4,

¢ = 2x% 4+ — 10uv — 8vx + 2> — 8uy + v° + 4ux + 4vy — 8xy,
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e = — 12uy*v — 4ox* + 4uv’x — 10w’y + 2u%y*
— 12upx? — 12vxy? + 4Pvy — 10u20x — 4uy’
+ 20%x% — 100°xy + 8vx’y — 10t yx — 2u’y + 16uvxy
+ 8uy’x — 2v°x — 4x3y — 4p3x — 120x%u + 4x%)7°,
ca0 =40 x%y + 8uy?x® 4 duy'x 4 dox*y + 2uv’ X’
+ 1002y x* + 2uPvy® + 8vx?y° — 8uPv’xy + 4y’ x
+ 14ox3yu + 14uy’xv + 14u’xy* + 142Xy + 4uv’xy
+ 4lvyx — 2uy*vx® — du’yx® — duoxy?
+ 12yt + 1002277 + 2047 + 2x%% + o*x?
When the zero-delay stability, i.e., condition (i), is satisfied, there exists Fr(w) > 0 and G.(w) > 0,

Vw e R*. So condition (ii) is reduced to Yo e R*, E7(w) > 0 (note that E7(w) is a real polynomial of
). It can be seen that ¢ > 0 ¢4 > 0. And there exists ¢, >0 (let z = kxy, 0<k<1) because

C2l—g > duvxy(u — 1)’ =0,

02|t=xy > [4141))/(1/! - U)Z + Uy2(u - 20)2] > Oa

dilc;) <= [(4 = 4k)y? + (—127 + 16k — d)xy + (4 — 4k)x ]y

— [(8 = 2k)u + (—16 + 20k)uv + (8 — 2k)u]xy
— (12 — 8k)ux*y — (12 — 8k)vy*x
< 0.

Also there exists ¢y > 0 because
colimo = 268y +2x°0° + X3 + vty + 5307y
+ 4x*vy? + 4%’ + Sxiy? + 4xPun?
+ ldur’yx? + 8uPv’xy + 14uPvxy® + 14uy*vx? > 0,

Colimxy = 6uv’yx? + 6utvxy? + 21’y 4+ 2x°0° + 4y* v + AxPur® + 8uPv’xy > 0,

d »
Elcto) = — 8uv’x — vazy — 8u2uy — 8uxy2 — 18uvxy — 5u2y2 522 3x2y2<0,
1=0

d
(o) = —10uvxy — Suv’x — 8uvy — Suy* — 5v°x* <0,
dr |,

d2
d(;()) = 6(xy — 1) + 8(uy + vx + uv) > 0.

So Vwe R*, Er(w) > 0 when the zero-delay stability is held.
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To summarize, when 7; =1, =1, model (1) is asymptotically stable if and only if the
zero-stability condition is held true.

References

[1] Y.S. Chin, Unconditional stability of systems with time-lags, Acta Mathematica Sinica 10 (1960) 125-141.

[2] J. Hale, W. Huang, Global geometry of the stable regions for two delay differential equations, Journal of
Mathematical Analysis and Applications 178 (1993) 344-362.

[3]1 G. Stepan, Retarded Dynamical Systems, Pitman Research Notes Mathematical Series, Vol. 210, Longman Scientific
and Technical, Essex, UK, 1989.

[4] Z.H. Wang, H.Y. Hu, Delay-independent stability of retarded dynamic systems of multiple degrees of freedom,
Journal of Sound and Vibration 226 (1999) 57-81.

[5] S. Wu, G. Ren, Delay-independent stability criteria for a class of retarded dynamical systems with two delays,
Journal of Sound and Vibration 270 (2004) 625-638.

[6] G. Stépan, Modelling nonlinear regenerative effects in metal cutting, Philosophical Transactions of the Royal Society
of London, Series A 359 (2001) 739-757.

[71 H.I. Freedman, V. Sree Hari Rao, Stability criteria for a system involving two time delays, SIAM Journal of Applied
Mathematics 46 (1986) 552—-560.



	A note on delay-independent stability of a predator-prey model
	Introduction
	Theoretical background for the stability
	Delay-independent stability analysis
	Conclusive remarks
	A more delicate stability analysis
	The case for tau1 and tau2 independent
	The case for tau1=tau,tau2=0 or tau1=0,tau2=tau
	The case for tau1=tau2=tau

	References


